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Current dynamical control based on the bang-bang control mechanism involving various types of
pulse sequences is essentially a perturbative theory. This paper presents a non-perturbative dynam-
ical control approach based on the exact stochastic Schro¨dinger equation. We report our findings
on the pulse parameter regions in which the effective dynamical control can be exercised. The
onset of the effective control zones reflects the non-perturbative feature of our approach. The non-
perturbative methods offer possible new implementations when several different parameter regions
are available.
I. INTRODUCTION
One of the difficult issues in modern quantum science
and technology is to overcome decoherence, i.e., the loss
of coherence in a quantum system due to the interaction
with its environment. Although theoretical and exper-
imental studies done in this field have intensified over
recent years, the results are still far from satisfactory. A
variety of theoretical proposals for combating the dele-
terious environmental noise have been proposed [1–9].
Among them, dynamical decoupling or dynamical con-
trol, developed from the Bang-Bang method, of system-
environment interactions by external fields is widely dis-
cussed due to its simplicity and accessibility to theoret-
ical and experimental investigations [10–13]. Notably,
the current theoretical formalism for the dynamical de-
coupling has been widely employed in combating deco-
herence and protecting information leakage, but most
analyses and numerical simulations are based on ideal-
ized pulses and the Trotter product formula [14], where
it is assumed that these idealized pulses are so fast and
strong that the system-bath Hamiltonian can be effec-
tively turned off when the pulses are applied to the sys-
tem.
Ideal pulses by design can optimally protect the in-
terested quantum state, but they are difficult to be im-
plemented experimentally for most of practical setups.
More specifically, if the control Hamiltonian is described
by Hc = Jσz and the original total Hamiltonian for sys-
tem and environment is Htot, then the evolution oper-
ator combining the control mechanism becomes U(δ) =
exp(−iHtotδ − iJσzδ) ≈ −iσz when Jδ = pi/2 in a short
time δ. Under this condition, the strength J goes to
infinity when δ goes to zero. This amounts to taking
the zero-order perturbation for an effective Hamiltonian
Heffδ = pi/2σz + Htotδ (setting ~ = 1) with the small
perturbation parameter δ. Essentially, all the current
versions of dynamical control theories are based on a sim-
ilar perturbation. Although the higher order perturba-
tions have been considered in recent publications (e.g.,
see [12]), yet without comparison with exact (numerical
or analytical) solutions, it is difficult to know the va-
lidity range of the zeroth-order perturbation or higher
order perturbation theory for a physical model with real-
istic system-bath interactions. Therefore, it is desirable
to extend the standard perturbative dynamical coupling
theory to a more general domain where non-ideal pulses
can be employed in the control process.
The paper is organized as following. Sec. II introduces
the theoretical framework of the non-perturbative dy-
namical control based on the non-Markovian quantum
state diffusion (QSD) equation. It is put forward by
controlling the fidelity of a single qubit system and the
entanglement of a two-qubit system in a common non-
Markovian dissipation model. In Sec. III, we present the
open system control result with the effective zone of the
control parameters that is the most distinguished feature
given by the non-perturbative control theory. In Sec. IV,
we discuss the effect of different combination of control
parameters and the memory time of the environment on
the control efficiency. And finally we conclude all of the
paper in Sec. V.
II. NON-PERTURBATIVE DYNAMICAL
CONTROL
Based on the exact quantum state diffusion equation
[15–17], we will perform theoretical analysis of the dy-
namical control theory beyond the perturbative dynam-
ical control theories. Our approach employs the non-
idealized pulses with finite widths ∆, periods τ and fi-
nite pulse strengths Ψ/∆ as characteristic parameters.
Interestingly, we have found some efficient parameter re-
gions where the quantum dynamics can be effectively
controlled. It should be emphasized that the existence
of the large parameter regions is purely due to the non-
perturbative features of our approach. Moreover, we
show that the characteristic quantity for quantum con-
trol is the ratio between the pulse period τ and the du-
2ration width ∆. As such, the other pulse parameters,
such as pulse strength, do not play a very essential role
in this scheme [18]. Our results show that the param-
eters for idealized (or quasi-idealized) fast-strong pulses
control (∆ is effectively taken as zeros) is a limiting case
corresponding to a very small portion of the parameter
region in which efficient quantum control can be realized.
It will be shown that the control parameter regions for
the non-perturbative approach impose much less severe
constraints in implementing the dynamical control exper-
imentally. In addition, we find that the non-Markovian
environment is crucial for the dynamical control of quan-
tum coherence.
A. Non-Markovian quantum state diffusion
equation
Consider an open quantum system coupled to a general
bosonic environment with the total Hamiltonian,
Htot = Hsys+~
∑
k
(g∗kLa
†
k+gkL
†ak)+
∑
k
~ωka
†
kak, (1)
where Hsys, L and ak(a
†
k) are the system Hamiltonian,
coupling operator, and annihilation (creation) operator
for mode k of the environment, respectively. If the
state vector |Ψ(t)〉 is used to denote the solution to the
Schro¨dinger equation with the total Hamiltonian in an
interaction picture with respect to Henv =
∑
k ~ωka
†
kak,
and define |ψt(z∗)〉 = 〈z|Ψ(t)〉 where |z〉 = |z1〉|z2〉|z3〉....
stands for the tensor product of the (Bargmann) coherent
states for the environment modes, the dynamic equation
for |ψt(z∗)〉 may be derived without any approximations,
called non-Markovian quantum state diffusion equation
[15, 16, 19–23]. Explicitly, |ψt(z∗)〉 (a shorthand notation
ψt) is governed by the following stochastic differential
equation (setting ~ = 1) :
∂tψt = [−iHsys + Lz∗t − L†O¯(t, z∗)]ψt ≡ −iHeffψt,
z∗t = −i
∑
k
g∗kz
∗
ke
iωkt, (2)
where Heff = Hsys + iLz
∗
t − iL†O¯(t, z∗) is called an ef-
fective Hamiltonian, and z∗t is a complex Gaussian pro-
cess [24] describing the environmental influence, satis-
fying M [z∗t ] = M [z
∗
t z
∗
s ] = 0 and M [ztz
∗
s ] = α(t, s) =∑
k |gk|2e−iωk(t−s). Note that M denotes the statistical
mean over the noise z∗t and α(t, s) is the environmental
correlation function at zero temperature. For the stan-
dard Markov limit, one has α(t, s) = Γδ(t − s), i.e., the
noise z∗t becomes a white noise and Eq. (2) reduces to
a Markov stochastic Schro¨dinger equation [25], which is
equivalent to the corresponding Lindblad master equa-
tion or the quantum jump simulation [26]. Note that
O¯(t, z∗)ψt ≡
∫ t
0
dsα(t, s)O(t, s, z∗)ψt =
∫ t
0
dsα(t, s)
δψt
δz∗s
(3)
is a polynomial function of operators acting on the sys-
tem Hilbert space, which is determined by the following
equation [15, 16],
∂tO(t, s, z
∗) = [−iHeff , O(t, s, z∗)]− L† δO¯(t, z
∗)
δz∗s
, (4)
with the initial condition O(t = s, s, z∗) = L. O-operator
serves as an “ansatz” to the functional derivative in
Eq. (3), which represents the system response to the en-
vironmental noise and transforms the QSD equation into
a convolutionless form. For a given model, once the exact
O-operator is determined from Eq. (4), then we obtain a
time-local exact QSD equation, which is irrespective to
the coupling strength between the system and environ-
ment and the environmental correlation function. Note
that the reduced density matrix of the system of inter-
est can be recovered by taking statistical mean over the
noise,
ρt =M [|ψt(z∗)〉〈ψt(z∗)|]. (5)
The non-Markovian QSD equation is valid for the
bosonic environment with an arbitrary correlation func-
tion [16]. For simplicity, the non-Markovian environmen-
tal noise throughout the paper is described by the well-
known Ornstein-Uhlenbek type noise with the correlation
function α(t, s) = Γγ2 e
−γ|t−s|, where Γ is the coupling
strength between system and environment and 1/γ char-
acterizes the memory time of the non-Markovian environ-
ment. γ is non-tunable for a given environment. Notably,
the correlation function has a well-defined Markov limit
when γ →∞.
B. One-qubit Case
Here we first consider a single-qubit in a dissipative
environment: Hsys =
E(t)
2 σz and L = σ−, where E(t)
is typically a time-dependent function when a control
mechanism is introduced. For this model, in the basis
{|0〉, |1〉}, the effective Hamiltonian becomes
Heff =
( −E/2 iz∗t
0 E/2− iF
)
, (6)
where F (t) is the coefficient function contained in the
exact O-operator O¯(t, z∗) = F (t)L ([16]) and satisfies
∂tF (t) = Γγ/2 + (−γ + iE)F + F 2, (7)
and F (0) = 0. To measure the survival probability of the
initial state ψ0 under the dissipative noise, the fidelity is
defined by
F(t) ≡ 〈ψ0|ρt|ψ0〉 =M [〈ψ0|ψt(z∗)〉〈ψt(z∗)|ψ0〉]. (8)
When the initial state is chosen as |ψ0〉 = µ|1〉 + ν|0〉,
|µ|2 + |ν|2 = 1, in the rotating frame of Hsys, the fidelity
3is easily obtained as
F(t) = 1− |µ|2 − (|µ|2 − 2|µ|4)e−2
∫
t
0
dsR[F (s)]
+ 2|µ|2(1− |µ|2)R[e−
∫
t
0
dsF (s)] (9)
where R[·] stands for the real part of a complex func-
tion. Under the condition that
∫ t
0
dsF (s) → 0 (it can
be realized by applying appropriate pulses as to be seen
later), F(t) approaches unity, which is independent on
the initial state.
C. Two-qubit Case
Next we consider a two-qubit system embedded in
a collective dissipative environment with the following
Hamiltonian,
Hsys =
E(t)
2
(σAz + σ
B
z ), L = σ
A
− + σ
B
− . (10)
This model corresponds to the collective error considered
in quantum information.
For this two-qubit system, the exact O-operator con-
tained in the stochastic Schro¨dinger equation (2) can be
explicitly derived by Eq. (4) [27]:
O¯(t, z∗) = F1(t)O1 + F2(t)O2 + iUzO3, (11)
where O1 = L, O2 = σ
A
z σ
B
− + σ
A
−σ
B
z , O3 = σ
A
−σ
B
− , and
Uz ≡
∫ t
0
dsU(t, s)z∗s . The determination of these coeffi-
cient functions could be found in the following differential
equation group:
∂tF1(t) = Γγ/2 + (−γ + iE)F1 + F 21 + 3F 22 − iU¯/2,
∂tF2(t) = (−γ + iE)F2 − F 21 + 4F1F2 + F 22 − iU¯/2,
∂tU¯(t) = −2iγF2 + (−2γ + 2iE)U¯ + 4F1U¯ , (12)
with the notation U¯(t) ≡ ∫ t0 dsα(t, s)U(t, s). The bound-
ary conditions are given by F1(0) = F2(0) = U¯(0) = 0
and U(t, t) = −4iF2(t).
For this model, it is convenient to choose a new basis
{|s〉, |a〉, |11〉, |00〉} where |s〉 = (1/√2)(|10〉 + |01〉) and
|a〉 = (1/√2)(|10〉−|01〉). In the new basis, the stochastic
Hamiltonian can be rewritten as,
Heff =


−2if 0 √2(iz∗t + Uz) 0
0 0 0 0
0 0 E − 2i(F1 + F2) 0√
2iz∗t 0 0 −E

 , (13)
where f(t) ≡ F1(t)− F2(t). One can check that
∂tf(t) = Γγ/2 + (−γ + iE)f + 2f2, (14)
and f(0) = 0 from Eq. (12). An initial state (pure state)
belongs to the subspace spanned by the first two basis
vectors |s〉 and |a〉 may be written as
|ψ0〉 = Ps(0)|s〉+Pa(0)|a〉+ q11(0)|11〉+ q00(0)|00〉 (15)
with |Ps(0)|2 + |Pa(0)|2 = 1 and q11(0) = q00(0) = 0.
From Eqs. (2) and (13), we have
|ψt〉 = Ps(t)|s〉+ Pa(t)|a〉+ q00(t)|00〉, (16)
where Ps(t) = e
−2
∫
t
0
dsf(s)Ps(0) and Pa(t) = Pa(0). Note
|a〉 is found to be in the decoherence free subspace [28]
of the effective Hamiltonian (13) due to its vanishing ele-
ments insider the 2nd dimension. The Wootters concur-
rence [29] for each quantum trajectory is given by
C(ψt) = |e−4
∫
t
0
dsf(s)P 2s (0)− P 2a (0)|. (17)
In fact, Eqs. (14) and (17) are noise-independent. Sta-
tistical average yieldsM [C(ψt)] = C(ψt) by Novikov the-
orem [19]. Therefore, we have
C(ρt) = |ρss − ρaa − ρsa + ρas|, (18)
where ρss = M [|Ps(t)|2], ρaa = M [|Pa(0)|2], and ρsa =
ρ∗as =M [P
∗
s (t)Pa(0)]. Straightforward calculation shows
that C(ρt) = M [C(ψt)]. Moreover, C(ρt) does not de-
pend on ρ00 and any coherence terms involving |00〉.
Thus for any initial states with q11(0) = 0, Eq. (17) is
valid and is always equal to C(ρt).
Interestingly, we can also get an explicit expression for
the fidelity of the state:
F(t) = |e−2
∫
t
0
dsf∗(s)|P 2s (0)|+ |P 2a (0)||2. (19)
Note that for both concurrence (17) and fidelity (19), the
two physical quantities will be frozen to their original val-
ues when
∫ t
0
dsf(s)→ 0. It is easy to see that the results
are independent on the initial states in the subspace of
interest.
It should be noted that if |Ps(0)| = 1 and Pa(0) = 0,
i.e. |ψ0〉 = |s〉,
C(ψt) = F(t) = e−4
∫
t
0
dsR[f(s)]. (20)
In this situation, the fidelity can be used as a reliable
measure for entanglement.
III. CONTROL OF OPEN SYSTEMS
The exact quantum state diffusion equation (2) pro-
vides a very useful theoretical framework for the non-
perturbative dynamical decoupling approach. The ex-
ternal control on the system of interest is introduced
through the system energy shift E(t) = ω+c(t), where ω
is the bare frequency and c(t) is a time-dependent control
function. In this way, the external pulse control, as well
as all of the characteristic parameters, has been naturally
combined into the system Hamiltonian. Once we find the
exact QSD equation, the controlled dynamics can be for-
mally treated as a quantum open system problem. This
allows us to simulate non-perturbative dynamical decou-
pling dynamics with a wider range of control parameters
without any approximation.
4In principle, the control c(t) can be an arbitrary func-
tion of time that can be realized by an external field
applied to the system, including rectangular pulse se-
quences with arbitrary strength and frequency. The
zeroth-order perturbation or idealized pulse approxima-
tion is shown to suppress the information leakage rate
of subspace to the environment or the rest part of the
system if the frequency of the pulse is sufficiently high.
The focus of this paper is to explore the non-perturbative
regimes beyond the conventional perturbation and the
idealized pulses.
The control parameters considered in this paper con-
sist of the period of the rectangular pulse τ , the duration
∆ (or the dark duration τ − ∆) and the strength Ψ/∆,
respectively, i.e. c(t) = Ψ/∆ for regions nτ−∆ < t 6 nτ ,
n > 1 integral, otherwise c(t) = 0. The pulse frequency
is determined by the dimensionless proportion parame-
ter τ/∆. With the same ∆, the smaller τ/∆, the more
frequent pulses.
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FIG. 1. log
10
(1− F) at the time point ωt = 10 of the single-
qubit system under control. It is initially prepared in |ψ0〉 =
(1/
√
2)(|1〉+ |0〉). Here we choose Ψ = ω, Γ = 1, and γ = 0.5.
In Fig. 1, we plot the ∆ − τ diagram of the fidelity
control a single qubit at ωt = 10. By definition, τ is al-
ways larger than ∆ (otherwise if τ = ∆, then the pulse
sequence becomes a constant field), we numerically com-
pute the fidelity (9) with different parameter ratios of
∆ and τ − ∆. Notably, the ideal pulse with infinites-
imal width occupies only the left-down corner of this
diagram. In this figure, the whole parameter space is
clearly divided into several regions according to the value
of log10(1−F) at the given time ωt = 10. Roughly from
the left-down corner to right upper corner, we could see
continuous enlarged triangular zones, whose color sug-
gest the fidelity with F ≥ 0.9999, F ≥ 0.999, F ≥ 0.99
and F ≥ 0.9, respectively. The results clearly show there
exists a very large parameter space that allows an effi-
cient controllability of fidelity. We can see that the ef-
ficient control region of F ≥ 0.99 occupy a very large
parameter space beyond the ideal pulse sequence. The
duration time of each pulse could be even chosen as large
as 0.135ωt.
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FIG. 2. log
10
(1−C) at the time point ωt = 10 of a two-qubit
system under control. It is initially prepared in |ψ0〉 = |s〉.
We choose Γ = 1 and γ = 0.5. (a) ∆−τ diagram with Ψ = ω;
(b) τ/∆−Ψ diagram with ∆ = 0.01ωt.
In what follows, we will demonstrate that there ex-
ist some parameter regions that allow efficient control of
quantum entanglement with a more practical pulse train.
For simplicity, the initial state of the two-qubit system
is taken as |ψ0〉 = |s〉. We should note the our non-
perturbative quantum control is not limited to this par-
ticular state. In fact, our results can be extended to an
arbitrary state. Without the external pulse control, the
state will lose its entanglement eventually in time. Fig-
ure 2 plots two parameter-diagrams of concurrence at the
time point ωt = 10. Figure 2(a) describes the ∆− τ dia-
gram. The control efficiency regions denoting C ≥ 0.999,
C ≥ 0.99 and C ≥ 0.9, also take expanding triangular
configurations. Here the boundary of the width of pulse
duration where C ≥ 0.99 could be relaxed up to about
0.08ωt, although in this case the dark time is very lim-
ited. In the zone of C ≥ 0.99, τ/∆ could be up to about
2.5; otherwise, at this very moment, the system state will
fall into other zones with lower concurrence. Figure 2(b)
is the diagram of τ/∆ − Ψ, the ratio of duration time
and period of the pulse v.s. the strength of the pulse.
It clearly shows that another important desired factor
of idealized-pulse, the infinite strong pulse, is not as so
5necessary as one would expect from a perturbative point
view. Here we see again that the infinite strong approx-
imation is only a small portion of the large permissible
parameter region. To realize efficient control C ≃ 1, the
ratio of τ/∆ must be lower than 3. The requirement
to pulse strength is also important to some extend since
the ideal pulse is necessary to get C ≥ 0.999. The pulse
strength cannot be too weak. As least when Ψ < 0.15ω,
it is impossible to keep the concurrence as high as 0.99.
Yet this control target is accessible with an optimized
ratio of τ/∆, even when the strength is relaxed to 0.2ω.
IV. DISCUSSION
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FIG. 3. The concurrence dynamics of a two-qubit system
prepared in |ψ0〉 = |s〉 with different ∆’s and τ ’s. (a) ∆ =
10−2ωt; (b) ∆ = 2 × 10−2ωt; (c) τ = 5 × 10−2ωt; (d) τ =
6× 10−2ωt. We choose Ψ = ω, Γ = 1, and γ = 0.5.
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FIG. 4. The concurrence damping time T (C = 0.95) in the
dimension of ωt about a two-qubit system prepared in |ψ0〉 =
|s〉 vs. γ with different τ/∆’s. We choose ∆ = 0.02ωt, Γ = 1,
and Ψ = ω.
The non-perturbative control may also be observed
from a dynamical view point. Figure 3 shows the con-
currence dynamics under different control parameters. In
Fig. 3(a) and (b), we fix ∆ and use different values of τ to
show the effect of τ ; while in Fig. 3(c) and (d), we show
the effect of different ∆ with a fixed τ . For a long time
scale ωt ≤ 30, each value of ∆ constrains the value of τ
to yielding a good entanglement control [that is C(t) is
frozen as C(0) = 1] and vice versa. We therefore conclude
that as long as τ/∆ is not too large, both entanglement
and fidelity can be efficiently protected.
Note that Figs. 2 and 3 are plotted with γ = 0.5, which
corresponds to a moderate non-Markovian regime. Fig-
ure 4 is used to show how the environmental memory time
affects the non-perturbative quantum control scheme.
The presence of the non-zero environmental memory in-
dicates a characteristic feature of a non-Markovian dy-
namics, which causes the bidirectional flow of informa-
tion between the open system and its environment. More
qualitatively, in so-called Markov limit, the memory time
is zero, as such, the information of the system state (su-
perposition, coherence, etc.) will quickly be lost irre-
versibly into the infinite environmental modes. The one-
way information loss will not permit the external pulses
to efficiently restore the initial open system state since
the decoherence will quickly suppress the viable quan-
tum coherence before the control mechanism becomes ef-
fective. Now we use T to denote the time after which
the concurrence decays from unity to 0.95. Figure 4 is
plotted in a logarithmic scale to yield a better view of
the entanglement decay speed against γ. We emphasize
that the non-Markovian bath is essential for the effective
quantum control as shown in Fig. 4.
V. CONCLUSION
In conclusion, we have established a non-perturbative
approach to dynamical control theory based on the non-
Markovian quantum state diffusion approach. We have
found the effective parameter regions of non-ideal pulse
sequence where dynamical decoupling can be used to pro-
tect the fidelity and entanglement of arbitrary pure states
in a system Hilbert space. As a limiting case, we see
that the idealized pulse approximation belongs to a spe-
cial part of the large permissible parameter region that
is able to suppress the noise. This may suggest that
one can go beyond the zeroth-order approximation and
thus prompts more experimental implementations of the
dynamical decoupling scheme in a wide spectrum of pa-
rameter ranges. Additionally, we have examined the en-
vironmental memory effect on the decoupling process.
Our non-perturbative approach can accommodate
generic system-bath couplings, structured baths and var-
ied numbers of environmental modes ranging from one
mode, two modes to infinite number of modes. Our ap-
proach provides greater flexibility in the experimental im-
plementation of the dynamical decoupling scheme since
our scheme allows the existence of a much larger parame-
ter region. In addition, the effectiveness of our approach
6is independent on the initial states of the system of inter-
est. Our non-perturbative approach may open up a new
avenue for more practical implementations of quantum
control technique in quantum information processing.
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